The low-energy constants, namely the spin stiffness ρs, the staggered magnetization density Ms per area, and the spinwave velocity c of the two-dimensional (2D) spin-1 Heisenberg model on the square and rectangular lattices are determined using the first principles Monte Carlo method. In particular, the studied models have antiferromagnetic couplings J1 and J2 in the spatial 1-and 2-directions, respectively. For each considered J2/J1, the aspect ratio of the corresponding linear box sizes L2/L1 used in the simulations is adjusted so that the squares of the two spatial winding numbers take the same values. In addition, the relevant finite-volume and -temperature predictions from magnon chiral perturbation theory are employed in extracting the numerical values of these low-energy constants. Our results of ρs1 are in quantitative agreement with those obtained by the series expansion method over a broad range of J2/J1. This in turn provides convincing numerical evidence for the quantitative correctness of our approach. The Ms and c presented here for the spatially anisotropic models are new and can be used as benchmarks for future related studies.
I. INTRODUCTION
During the last three decades, the two-dimensional (2D) spin-1/2 Heisenberg model and its generalizations have been investigated in great detail both analytically and numerically [1] [2] [3] [4] [5] [6] [7] [8] . This is because these models are regarded as the relevant models for the 2D quantum antiferromagnets. Furthermore, although the phase diagram of high temperature cuprate superconductors is not well understood, it is generally believed that these cuprate superconductors may be obtained by doping the quantum antiferromagnetic insulators with charge carriers. As a result, research related to these models is still very active even today.
In addition to the spin-1/2 Heisenberg model, higher spin antiferromagnets, in particular the spin-1 Heisenberg model, are of theoretical interest due to the fact that they are relevant in explaining experimental results of real materials as well [9] [10] [11] [12] [13] [14] [15] [16] . For example, NDMAZ, NENP, and PbNi 2 V 2 O 8 are found to be spin-1 quasione-dimensional antiferromagnets. Besides the simplest type of these models which have spatially isotropic couplings, the spatially anisotropic Heisenberg models are also studied thoroughly [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . In particular, these generalized models are frequently used as a route for studying quantum phase transitions. Moreover, the spatially anisotropic models are important in understanding experimental data. Two notable examples are the 2D spin-1/2 Heisenberg model with antiferromagnetic couplings J 1 and J 2 1 on the square and rectangular lattices as depicted in fig. 1 , and the three-dimensional (3D) quantum antiferromagnet with a ladder pattern of spatial * fjjiang@ntnu.edu.tw 1 In this study a physical quantity with a subscript i refers to its value in the spatial i-direction.
anisotropy on a cubic lattice. The former is argued to be relevant to the newly discovered pinning effects of the electronic liquid crystal in the underdoped cuprate superconductor YBa 2 Cu 3 O 6.45 [34, 35] , and the latter is considered to be the right model for explaining the phase diagram of TlCuCl 3 under pressure [36] [37] [38] [39] [40] [41] . To conclude, despite their simplicity, the spatially anisotropic Heisenberg models are among the most important and frequently studied systems in condensed matter physics. Among the spatially anisotropic Heisenberg models with quantum spin, the one shown in fig. 1 is particularly special. For this model one sees clearly that as the magnitude of the ratio of couplings J 2 /J 1 decreases, the system will eventually become decoupled one-dimensional (1D) antiferromagnetic chains (This takes place when J 2 /J 1 = 0). One intriguing physics to explore for this spin-1/2 model is to examine whether a phase transition, between the antiferromagnetic and dimerized phases, occurs before one reaches the extreme case J 2 /J 1 = 0. Analytic (and some numerical) evidence indicates that for the model of fig. 1 with quantum spin, the long-range antiferromagnetic order is destroyed only for infinitesimal J 2 /J 1 [42, 43] . As a result, to study whether a phase transition appears at a particular value of J 2 /J 1 > 0 using unbiased quantum Monte Carlo simulations is subtle. Indeed, as suggested in Refs. [29, 44] , square lattice is not the appropriate lattice geometry for studying this model and rectangular lattice should be used instead. Furthermore, to capture the 2D characters of the model, the ratio of linear lattice sizes L 2 /L 1 needs to be adjusted individually for each considered J 2 /J 1 . Even so, one must carry out careful investigation for the relevant observables so that the correct physics is obtained. For example, to make sure that the extrapolating results are reliable, for every J 2 /J 1 several ratios of L 2 /L 1 may be needed in the calculations.
For the spin-1/2 model depicted in fig. 1 , one proposed quantitative approach to study the 2D ground state prop-erties for every considered J 2 /J 1 is to adjust the corresponding ratio L 2 /L 1 so that the spatial winding number squared in the 1-and 2-directions, namely W 2 1 and W 2 2 take the same values. With such a method the 2D characters of the model will not be lost and can be obtained unbiasedly. This idea and similar ones have been used to study the spin-1/2 model (of fig. 1 ) [33] as well as quantum phase transitions of 2D dimerized quantum spin models [45, 46] .
The motivation of our study presented here is to provide a more convincing numerical result to support the quantitative correctness of the method of requiring W 2 1 = W 2 2 in the simulations. Indeed, for the model in fig. 1 with quantum spin, Monte Carlo and series expansion results of the observable spin stiffness in the 1-direction agree with each other only for J 2 /J 1 > 0.4 [33] . Therefore it is desirable to carry out a more detailed investigation so that the validity of this method can be justified. Notice it is known that the quantum phase transition associated with dimerization for the spin-1 model with the same spatial anisotropy takes place at a finite value of J 2 /J 1 [29] . Hence simulating the spin-1 model with the same spatial anisotropy shown in fig. 1 provides a great opportunity to further examine the validity of this method. Indeed as we will demonstrate later, our Monte Carlo results of ρ s1 for the spin-1 model agree quantitatively with those determined by the series expansion method from J 2 /J 1 = 1 down to J 2 /J 1 ∼ 0.08 [32] . Consequently our investigation gives convincing evidence for the correctness of this method.
Notice the spatially anisotropic quantum Heisenberg model of fig. 1 and its 1D limit are two completely different systems [22, [47] [48] [49] [50] [51] . Therefore an unconventional behavior is likely to appear as one approaches the 1D limit from the 2D model. Our study paves a way to investigate the novel phenomena of dimension crossover from a 2D system to its 1D limit. We would like to point out that even with the method of adjusting the aspect ratio L 2 /L 1 in the calculations so that the two spatial winding numbers squared reach the same numbers, the determination of ground state bulk properties requires the simulations being conducted at very low temperatures. Such zero temperature calculations are computationally demanding. Therefore instead of performing the simulations at very low temperatures and using the conventional approach of fitting the data with polynomials of the relevant parameters, we carry out the calculations at finite temperatures and employ the relevant predictions from magnon chiral perturbation theory (mχPT) to extract the bulk properties of the considered model. Later we will briefly argue that under certain circumstances, this approach seems to be more efficient than the conventional one. Indeed, for each considered J 2 /J 1 , a few tens of the corresponding data points can be described quantitatively by two equations with only three unknown parameters, and particularly, we are able to arrive at high precision results with moderate computing resources. Finally, another remarkable finding in our investigation is that, the mχPT can also be used to examine unambiguously the presence of the long-range antiferromagnetic order. This will be explained in more detail in the relevant section.
This paper is organized as follows. First, after the introduction, the spatially anisotropic spin-1 Heisenberg model and the observables considered in this work are detailed. Furthermore, the mχPT is briefly introduced and some of its predictions relevant to our study are also listed. We then present the data as well as the resulting numerical results based on these data. Finally a section is devoted to conclude our investigation.
II. MICROSCOPIC MODELS AND CORRESPONDING OBSERVABLES
The 2D spin-1 Heisenberg model we consider in this study is defined by the Hamilton operator
and is depicted by fig. 1 . In Eq. (1),1 and2 refer to the two spatial unit-vectors and a is the lattice spacing. In addition, J 1 and J 2 are the antiferromagnetic couplings in the 1-and 2-direction, respectively. Finally the S i shown above is a spin-1 operator at site i.
A physical quantity measured in our simulations is the staggered susceptibility χ s , which is given by
Here β is the inverse temperature, L 1 and L 2 are the spatial box sizes in the 1-and 2-direction, respectively, and Z = Tr exp(−βH) is the partition function. Furthermore, M 3 s appearing in Eq. (2) is the third component of the staggered magnetization M s = x (−1)
x1+x2 S x . Another observables considered here is the uniform susceptibility χ u , which takes the form
Here M = x S x is the uniform magnetization. Both χ s and χ u can be measured very efficiently with the loopcluster algorithm using improved estimators [4] . Notice both of these two observables can be expressed in quantities related to the clusters. In particular, χ u is associated with the temporal winding number W t = C W t (C) which is the sum of winding numbers W t (C) of the loop-clusters C around the Euclidean time direction. Similarly, the spatial winding numbers W i for i ∈ {1, 2} are defined in the same manner. With the convention employed here, the spin stiffness ρ s (for J 2 /J 1 = 1) can be obtained directly from the standard relation ρ s = 3 4β
in the zero-temperature and infinitevolume limits. In addition, the temporal winding number squared W 2 t calculated in this study is exactly the susceptibility χ and is related to χ u by
Finally the spinwave velocity c can be estimated from these winding numbers squared by the method detailed in Refs. [40, 54, 55] .
III. LOW-ENERGY EFFECTIVE THEORY FOR MAGNONS
In this section we summarize the relevant theoretical predictions, namely the finite-volume and -temperature expressions of χ s and χ u from mχPT [47] [48] [49] [50] [51] . These predictions are used to calculate the desired low-energy constants. Due to the spontaneous breaking of the SU (2) s spin symmetry down to its U (1) s subgroup, the lowenergy physics of antiferromagnets is governed by two massless Goldstone bosons, the magnons. The systematic low-energy effective field theory for magnons is formulated in term of the staggered magnetization. The staggered magnetization of an antiferromagnet is described by a unit-vector field e(x) in the coset space
e. e(x) = e 1 (x), e 2 (x), e 3 (x) with e(x) 2 = 1. Here x = (x 1 , x 2 , t) denotes a point in (2+1)-dimensional space-time. To leading order, the Euclidean magnon low-energy effective action takes the form
where the index i ∈ {1, 2} labels the two spatial directions and t refers to the Euclidean time-direction. The temporal spin stiffness ρ s is given by ρ s = √ ρ s1 ρ s2 , where ρ s1 and ρ s2 are the spin stiffness in the spatial directions. Finally, the parameter c in Eq. (4) is the spinwave velocity. Notice the physical quantities, namely ρ s , ρ s1 , ρ s2 , and c appearing inside Eq. (4) are the bulk ones [51] . By introducing x
If one additionally requires L
With the Euclidean action Eq. (5), the finite-volume and -temperature expressions of χ s and χ u in the cubical regime, where the condition βc ≈ L is met, are calculated in Ref. [51] and take the following forms
and
respectively. In Eqs. (6) and (7), the functions β i (l), β i (l), and ψ(l), which only depend on l = (βc/L) 1/3 , are shape coefficients of the space-time box. The explicit formulas of these shape coefficients can be found in Ref. [51] .
IV. DETERMINATION OF THE LOW-ENERGY CONSTANTS
In order to determine the low-energy constants as functions of J 2 /J 1 for the 2D spatially anisotropic spin-1 Heisenberg model given by Eq. (1) (and depicted in fig. 1 ), we have performed simulations for 0.0435 ≤ J 2 /J 1 ≤ 1.0 with various box sizes using the loop algorithm [52, 53] . The value of J 2 /J 1 = 0.0435 is included in our consideration since it is slightly below the critical point (J 2 /J 1 ) c = 0.043648(8) determined in Ref. [29] . The results at J 2 /J 1 = 0.0435 provide an opportunity to examine whether our Monte Carlo data at J 2 /J 1 = 0.0435 can be captured quantitatively by the relevant predictions of mχPT. Without loss of generality, we have set J 1 = 1.0 in our Monte Carlo simulations. The cubical regime is determined by the condition W 
can be fulfilled. Finally interpolation of the data points is necessary as well in order to use Eqs. (6) and (7). After employing all these requirements in our calculations, the low-energy constants can be extracted by fitting the Monte Carlo data to the effective field theory predictions. First of all, in the next subsection we focus on our Monte Carlo results of the isotropic situation J 2 /J 1 = 1.
A. The low-energy constants for the isotropic model
As a first step toward a high accuracy determination of the desired low-energy constants, the spinwave velocity c is calculated through the square of winding numbers as suggested in Refs. [54, 55] . Specifically, for a given square lattice with linear box size L 1 , one tunes the inverse temperature β to a value β ⋆ so that W Besides the method of employing the predictions of mχPT, ρ s can be determined directly from the spatial winding numbers squared. Such a calculation of ρ s through W 2 1 and W 2 2 provides a good opportunity to verify the quantitative correctness of mχPT. Hence we have carried out new simulations with J 2 /J 1 = 1.0 for several box sizes L at low temperatures. The newly obtained ρ s data as a function of the box sizes L is shown in Fig. 3 . Remarkably, the ρ s determined from the spatial winding numbers squared is in quantitative agreement with that calculated using the predictions of mχPT. For instance, by applying polynomials up to third (fourth) order in 1/L to the relevant data of 6 ≤ L ≤ 72 (6 ≤ L ≤ 72), we arrive at ρ s = 0.8728(5)J 1 (ρ s = 0.8730(10)J 1 ). These values of ρ s match nicely with those we calculated earlier using the related formulas from mχPT. To extract ρ s directly from the squares of spatial winding numbers, L1/a c/(J1a) one has to obtain the zero-temperature values of the relevant observables. This is computationally demanding. In addition, it is also crucial to include as many data points as possible in the fits so that one can reach a accurate result of ρ s . Hence when obtaining the ground state properties of a system is challenging, our approach, i.e. fitting the data using the relevant equations from mχPT, seems to be a more efficient way of calculating these low-energy constants since the related simulations are performed at finite-temperature and cubical regime. 
B. The low-energy constants for the anisotropic models
After having determined high precision values of M s , ρ s , and c for J 2 /J 1 = 1.0, we turn to the calculations of these low-energy constants for the anisotropic models. Similar to the strategy used for the calculations associated with J 2 /J 1 = 1.0, the numerical values of c for various anisotropies J 2 /J 1 considered here are determined using the square of winding numbers first. In particular, for each J 2 /J 1 = 1.0 the box sizes L 1 and L 2 as well as β are chosen so that the condition W (7) for the fits. In addition, the effective box sizes L shown in Eqs. (6) and (7) ical values of ρ s1 obtained from our Monte Carlo data and the series expansion results determined in [32] are in nice agreement from J 2 /J 1 = 1 down to J 2 /J 1 ≈ 0.08. Although the truncation errors of series expansion results are large for small values of J 2 /J 1 , the outcomes of series expansion without the truncation errors agree very well with those of Monte Carlo for J 2 /J 1 ≥ 0.08.
Interestingly, while for J 2 /J 1 ≥ 0.05 the χ 2 /DOF of the fits are smaller than 1.2, the fit using the data of J 2 /J 1 = 0.0435 has a very poor quality. Specifically, we arrive at a χ 2 /DOF ≥ 38 by fitting the interpolated data of χ s and W 2 t calculated at J 2 /J 1 = 0.0435 to Eqs. (6) and (7). This implies that the data of χ s and W 2 t determined at J 2 /J 1 = 0.0435 cannot be described by Eqs. (6) and (7), hence no antiferromagnetic order is present in the system. In other words, J 2 /J 1 = 0.0435 is already beyond the critical point. This finding agrees with the conclusion obtained in Ref. [29] that the critical point (J 2 /J 1 ) c is given by (J 2 /J 1 ) c = 0.043648 (8) . Although J 2 /J 1 = 0.0435 is only slightly away from (J 2 /J 1 ) c = 0.043648 (8) , it is remarkable that the signal for the breaking down of the long-range antiferromagnetic order is persuasive. Interestingly, at J 2 /J 1 = 0.0435 the magnitude of χ s ( W 2 t ) increases (decreases) with β (The changes are not significant). This is similar to their expected behavior in the Néel phase. Hence, without the information of (J 2 /J 1 ) c = 0.043648 (8) and the result of poor fitting quality, one might naively conclude that J 2 /J 1 = 0.0435 is still in the broken phase. We would like to emphasize the fact that with a careful analysis using the conventional approach, one still reaches the same conclusion that the long-range antiferromagnetic order is not present at J 2 /J 1 = 0.0435. To employ Eqs. (6) and (7) in our analysis, certain constraints such as large enough lattices must be fulfilled. Hence one may suspect that the poor fitting quality associated with the data at J 2 /J 1 = 0.0435 is because the required conditions for the validity of Eqs. (6) and (7) are not met. To rule out this possibility, we have performed simulations on smaller lattices for J 2 /J 1 = 0.0435. The χ 2 /DOF for the newly determined data on smaller lattices is given by χ 2 /DOF ≥ 3.0. Notice if the poor fitting quality associated with the data of J 2 /J 1 = 0.0435 is rooted in the fact that the conditions for our simulations do not meet the validity requirement of Eqs. (6) and (7), then the fitting results related to the data of smaller lattices should have a worse χ 2 /DOF than that of larger lattices. Hence, one should consider the poor fitting quality from the fit using the data obtained at J 2 /J 2 = 0.0435 as a signal for the breaking down of antiferromagnetism. In summary, the results demonstrated in table 2, figs. 6 and 7 not only confirm the quantitative correctness of calculating the low-energy constants with the method employed here, these conclusions also provide convincing evidence that the mχPT can be applied efficiently to detect the breaking down of the long-range antiferromagnetic order.
V. CONCLUSIONS AND DISCUSSIONS
In this study, we have calculated the low-energy constants, namely the spin stiffness ρ s , the staggered magnetization density M s per area, and the spinwave velocity c of the spin-1 Heisenberg model with antiferromagnetic couplings J 1 and J 2 on the rectangular lattices using the quantum Monte Carlo simulations. The relevant finite- volume and -temperature predictions of mχPT are employed in extracting the numerical values of these lowenergy constants. Such an approach is of computational efficiency as well, since the related simulations are conducted at finite temperatures. The precision of M s , ρ s , and c obtained here for J 2 /J 1 = 1.0 is improved. Furthermore, the anisotropy J 2 /J 1 dependence of M s , ρ s (ρ s1 ), and c are investigated in detail as well. In particular, the results of M s and c determined here for the spatially anisotropic models are new and can serve as benchmarks for future related studies. Our Monte Carlo and the series expansion results of ρ s1 are in nice agreement for J 2 /J 1 ≥ 0.08 [32] . Consequently the quantitative correctness of our approach is justified. It is remarkable that the series expansion method leads to consistent values of ρ s1 with those from Monte Carlo simulations in such strong anisotropic regime J 2 /J 1 ≥ 0.08. We also confirm that the mχPT can be used efficiently to study the breaking down of long-range (antiferromagnetic) order. Specifically, for a considered relevant parameter, one can conclude that a phase transition from the longrange antiferromagnetic phase to a disordered phase already takes place before reaching that given parameter, if the fits using predictions of mχPT lead to poor fitting quality. Indeed, the outcomes of the fit using the data of J 2 /J 1 = 0.0435 is consistent with the conclusion obtained in Ref. [29] that the critical point (J 2 /J 1 ) c is given by (J 2 /J 1 ) c = 0.043648 (8) . Considering the subtlety of quantitatively capturing the 2D characters of the spin-1/2 quantum Heisenberg model with the same spatial anisotropy as the one considered here, our study paves a way to unbiasedly investigate the novel phenomena of 2D to 1D dimension crossover of the related spin-1/2 model.
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